We study a Nambu-Jona-Lasinio (NJL) type model with two-flavor quark matter in β-equilibrium. It turns out that the system develops instabilities in the dispersion relations of the diquark fields, i.e., the velocity squared v 2 becomes negative in a certain region of the electron chemical potential. The critical point is the same as that of the chromomagnetic instability. The results imply the existence of spatially inhomogeneous diquark condensates in the genuine vacuum. We also discuss gauge equivalent classes between the inhomogeneous diquark condensates and gluon condensates.
Introduction
It was suggested a long time ago that quark matter might exist inside the central regions of compact stars [1] . At sufficiently high baryon density, cold quark matter is expected to be in a color superconducting state [2] . For this reason, the color superconductivity has been studied with a lot of interests. (For reviews, see Ref. [3] .)
Bulk matter in the compact stars must be in equilibrium under the weak interaction (β-equilibrium) and must be electrically and color neutral. The electric and color neutrality conditions play a crucial role in the dynamics of the pairing between quarks [4] [5] [6] [7] . For the compact stars the strange quark mass cannot be also neglected. These give rise to a mismatch δμ between the Fermi momenta of the pairing quarks.
Recently, it has been revealed that the Meißner screening masses of gluons in the (gapped/gapless) two-flavor color superconducting phase (2SC/g2SC) turn into imaginary in the supercritical regions of δμ [8, 9] . Such a chromomagnetic instability has been also found in the gapless color-flavor locked (gCFL) phase [10] [11] [12] .
From the viewpoint of the quantum field theory, it is quite natural to expect the existence of gluon condensates in order to E-mail address: mhashimo@uwo.ca (M. Hashimoto).
resolve the chromomagnetic instability [13] . Nevertheless, one might consider Nambu-Jona-Lasinio (NJL) type models without gluons as effective theories of QCD. It is, of course, unlikely that all instabilities vanish away in the NJL type models. Then what is the alternative instability to the chromomagnetic one?
In this Letter, we study two point functions of diquark fields, which yield information about their low-energy properties. We shall employ a linear representation for the diquark fields. For the relation to an exponential parametrization (a decomposition to the radial and phase parts), see e.g. Eq. (31) in Ref. [14] . Physical quantities such as velocity are independent of the parameterizations, unlike off-shell ones. Although we demonstrate only the two-flavor case, our approach should be applicable also to the three-flavor quark matter.
The signal of the instability appears in the dispersion relations: for the anti-red and anti-green diquark fields Φ r,g (greenblue and blue-red quark pairing fields), which are the NambuGoldstone (NG) bosons eaten by the 4-7th gluons if the theory is gauged, the velocity squared v 2 becomes negative in the region δμ > Δ/ √ 2, where Δ is a diquark gap. 1 For the anti-blue diquark field Φ b (red-green quark pairing field), whose imaginary part is eaten by the 8th gluon after gauging while the real 1 As usual, we take the direction of the vacuum expectation value (VEV) of the color anti-triplet diquark fields to the anti-blue one. part is left as it is, gapless tachyons with v 2 < 0 emerge in the region δμ > Δ, although the situation is involved as we will mention below. Each critical point is exactly the same as that for the chromomagnetic instability [8, 9] .
The instability v 2 < 0 has not yet been fully demonstrated in the earlier works [15] [16] [17] . We also find that the behavior of v 2 for Φ r,g in the whole region of δμ/Δ is quite similar to that of the mass squared of the corresponding light plasmon obtained recently in Ref. [18] . Furthermore, it turns out that the dispersion relation for Φ b has two branches in the region δμ > Δ: one is normal while the other is tachyonic. The tachyonic branch exists not only for the imaginary part of Φ b , but also for the real part. It is rather surprising that the real part also has the instability v 2 < 0, because this field is not connected to the longitudinal mode of the 8th gluon and thus naively expected to be irrelevant to any instabilities.
The wrong sign of the velocity squared v 2 implies a wrong sign for the spatial derivative terms of the diquark fields in the effective action, so that we expect the existence of spatially in-
in the genuine vacuum. Such nonuniform condensates have been studied in several contexts, e.g. "Larkin-OvchinnikovFulde-Ferrell (LOFF) phase" [19, 20] , "mixed phase" [15] , "spontaneous NG current generation" [16, 17] , "meson supercurrent state" [21, 22] . We also discuss gauge equivalent classes of the inhomogeneous diquark condensates.
Model
We study the NJL model with two light quarks. We neglect the current quark masses and the (ψψ) 2 -interaction channel. The Lagrangian density is then given by
where ε and α are the totally anti-symmetric tensors in the flavor and color spaces, respectively, i.e., (ε) ij = ε ij (i, j = u, d) and ( α ) βγ = αβγ (α, β, γ = r, g, b) with ε ud = +1 and rgb = +1. The quark field ψ is a flavor doublet and color triplet. We also defined the charge-conjugate spinor ψ C ≡ Cψ T with C = iγ 2 γ 0 . The whole theory contains free electrons, although we ignore them in Eq. (1). In β-equilibrium, the chemical potential matrixμ for up and down quarks is
f , where μ and μ e are the quark and electron chemical potentials, respectively. (The baryon chemical potential μ B is given by μ B ≡ 3μ.) We also definedμ ≡ μ − δμ/3 and δμ ≡ μ e /2. The subscripts c and f mean that the corresponding matrices act on the color and flavor spaces, respectively. Hereafter, we abbreviate the unit matrices, 1, 1 c and 1 f .
In this Letter, we neglect the color chemical potential μ 8 because we employ the hard dense loop (HDL) approximation in the later analysis and the absolute value of μ 8 in the 2SC/g2SC phase is suppressed by the quark chemical potential,
Let us introduce the diquark fields Φ α ∼ iψ C ε α γ 5 ψ . We can then rewrite the Lagrangian density (1) as
In the 2SC/g2SC phase, we can choose the anti-blue direction without loss of generality,
where the diquark condensate Δ is real. We define the Nambu-Gor'kov spinor,
The quark propagator S in the Nambu-Gor'kov space is explicitly shown in Ref. [9] : We also used the following notations,
Two point functions for diquark fields
Let us calculate the two point functions Γ (2) α ( * ) β ( * ) for the diquark channel Φ α ( * ) -Φ β ( * ) . In the fermion one-loop approximation, we find
where the "Tr" operation stands for the trace over the flavor (f ), color (c), and spinor (s) spaces. From the color-flavor structure, we easily find that the nonzero two point functions are
, and the others are trivially vanishing. It reflects the unbroken SU(2) c symmetry in the 2SC/g2SC phase.
For the anti-blue diquark field, it is convenient to introduce two real scalar fields φ b1 and φ b2 :
In the new basis, the two point function for the anti-blue diquark field are diagonalized and then those for φ b1 and φ b2 are given by
In the 2SC/g2SC phase, the color SU(3) c symmetry is spontaneously broken down to SU(2) c , so that one can expect to get five NG bosons, i.e., two complex fields Φ r,g (containing four real components) and one real field φ b2 . When the SU(3) c symmetry is gauged, the two diquark fields Φ r,g are absorbed into the 4-7th gluons owing to the Anderson-Higgs mechanism, while φ b2 are eaten by the 8th gluon. The real scalar field φ b1 is left as a physical mode. However, there is a subtlety with respect to the number of the NG bosons 2 [14, 25, 26] . If we introduce μ 8 for the color neutrality in the framework of the NJL type models, this μ 8 explicitly breaks the color SU(3) c 2 The phenomenon with an abnormal number of NG boson was discovered in
Ref. [24] in the context of the dynamics of the kaon condensation. symmetry to SU(2) × U (1) , so that the diquark fields Φ r,g acquire nonvanishing masses of the order of μ 8 [25, 26] . We here emphasize that the Debye and Meißner screening masses have been calculated in the HDL approximation 3 [8, 27] . For our purpose, it is then sufficient to employ the HDL approximation and thereby we can neglect μ 8 [23] . Hence, within this approximation, the five NG bosons with linear dispersion relations appear in the spectrum, as we will see below.
We calculate the two point functions in the broken phase, so that we can eliminate the four-quark coupling constant G Δ by using the gap equation,
Within the HDL approximation, because of | k| ∼ μ, we can also justify the approximation,
where ξ is the cosine of the angle between the three momenta k and p. We then find approximately the trace over the Dirac matrices:
By using the prescription k 0 → k 0 + i + sgn(k 0 ) (see, e.g., Ref. [14] ), we can perform the integral over k 0 in Eqs. (13a)-(13c). We do not report explicitly the results to save space, but just mention that the relations,
hold [28, 29] , where Π μν ± and Π μν 88 are the vacuum polarization tensors for the 4-7th and 8th gluons, respectively.
In the kinematic region |p 0 |, |p| Δ, we can explicitly perform the loop integral and find analytic expressions:
and
For convenience, we described the results in the order of Γ (2) φ b2
and Γ (2) φ b1
.
The zeros of Γ (2) r * r = Γ (2) g * g in Eq. (24) yield the dispersion relations for the anti-red and anti-green diquark fields,
Therefore, the velocity squared
We also show the behavior of v 2 in Fig. 1 . It is striking that Fig. 1 is quite similar to the behavior of the mass squared of the light plasmon for the 4-7th gluons obtained recently in Ref. [18] .
The zeros of Γ (2) φ b2
in Eq. (25) yield the dispersion relation for φ b2 , which corresponds to the longitudinal mode of the 8th gluon. In the 2SC region, δμ < Δ, we obtain [29] (32)
which is exactly the same as the velocity squared for the relativistic density sound wave. On the other hand, in the g2SC region δμ > Δ, only in some limiting cases we can obtain analytic expressions. In the vicinity of the critical point δμ = Δ, we find two solutions: In the limit δμ Δ, the two solutions approach
In a general case, we need to solve Γ (2) φ b2
(P ) = 0 numerically. We depict the results in Fig. 2 (bold curves) . There are two branches in δμ > Δ: one is, say, an ultra-relativistic branch with v 2 > 1/3 and the other is a tachyonic one with v 2 < 0. The behavior of the tachyonic branch is similar to that of the electric mode of the 8th gluon obtained recently in Ref. [18] .
The zeros of Γ (2) φ b1
in Eq. (26) yield the dispersion relation for φ b1 . For δμ < Δ, however, there is no solution. It implies that the real part of the anti-blue diquark field acquires a heavy mass of the order of μ [25, 26, 30] . In such a case, a calculation beyond the HDL approximation is required to obtain correctly the dispersion relation. In this Letter, we ignore this heavy excitation because it is obviously irrelevant to the instability with our interests. For δμ > Δ, we find an unexpected gapless tachyon.
In the vicinity of δμ = Δ, we find
In the limit δμ Δ, the dispersion relation approaches
We depict the velocity squared for δμ > Δ in Fig. 2 (dashed  curve) . We do not deny a possibility that there may exist another branch with a heavy excitation also in δμ > Δ.
We comment on the relation between the velocity squared v 2 8 , we obtain a wrong value of the velocity squared for the anti-blue diquark field. For example, in the 2SC region δμ < Δ we find 4 v 2 = 1/9 inconsistently with Eq. (32) . In the framework of the GL effective theory, we cannot avoid this inconsistency.
The situation in the g2SC region δμ > Δ is more involved. The reason of the disagreement is not only for the blue quark contribution to m D, 8 . The point is that the 8th gluon and the anti-blue diquark field now couple to two gapless modes and thereby the Feynman diagrams for the two point functions Π μν 88 and Γ (2) φ b2 contain the gapless quark loop. Then a singularity appears at the point (p 0 , p) = (0, 0), i.e., the two point functions have the dependence of p 0 /p as in Eq. (25) . This singularity arising from the gapless modes was recently revealed in Ref. [18] . (The contributions of the massless blue quarks to the vacuum polarization tensor Π μν 88 also have this singularity. In this sense, the disagreement is essentially caused by the existence of the singularity p 0 /p both in the regions δμ < Δ and δμ > Δ.) Note that Eq. (23) 
If no singularity, we could obtain
from Eq. (38) and (40) for φ b1 also includes the singularity p 0 /p in δμ > Δ as shown in Eq. (26) , so that a gapless tachyon emerges also in the φ b1 channel.
It should be interesting to construct a low-energy effective theory which can reproduce correctly v 2 for Φ r,g,b if no gluons and simultaneously the Debye and Meißner screening masses after gauging. This issue is, however, beyond the scope of the Letter.
Gauge equivalent class of inhomogeneous diquark condensates
In the previous section, we found the instability v 2 < 0 in the dispersion relations of the diquark fields. It implies the existence of spatially inhomogeneous diquark condensates Φ α = Δ α ( x), (α = r, g, b) in the genuine ground state. On the other hand, when the gluons are introduced into the theory, the chromomagnetic instability m 2 M < 0 is disclosed and this phenomenon can be explained by the idea of gluon condensates as one of the self-consistent ansatz was demonstrated in Ref. [13] . Then what is the relation between the gluon condensates and the inhomogeneous diquark condensates? We discuss below gauge equivalent classes between them.
We first consider the homogeneous gluon condensates in the NJL type models without the gluon fields up to the tree level gluon potential. 5 We here defined Δ ≡ (Δ r , Δ g , Δ b ) T and μ col ≡ μ a T a = gA a 0 T a with the generators T a of SU (3) . The gauge-singlet chemical potentials μ and μ e are unchanged. When F a jk = 0, the phase of Eq. (45) cannot be described in the framework of the NJL type models.
The point is as follows: in the context of the NJL type models, we can interpret the VEVs of the time components of gluons as the color chemical potentials, i.e., μ a = gA a 0 , by imposing the color neutrality conditions [4, 32] . Therefore, the problem is only the existence of the space-component VEVs A a j . By using the spatially local SU(3) matrix U( x),
we can actually gauge away A a j only when F a jk ≡ 0, because
where F μν ≡ F a μν T a . In this case, the inhomogeneity of the color chemical potentials is connected with the existence of the color electric field. If no color electric field F a 0j ≡ 0, the color chemical potentials are identical and thus homogeneous, because
However, when F a 0j = 0 as in the gluonic phase demonstrated in Ref. [13] , we cannot gauge away it. (In the new basis, there still exists the color electric field,
We next consider the LOFF phase.
In two-flavor quark matter, the 2SC-LOFF phase [20] ,
has been studied. The simplest case is N = 1 and this single plane-wave LOFF phase can be described by a constant vector 5 The tree level potential for gluons is suppressed for reasonable values of the QCD coupling constant g, compared with the hard dense part of the one-loop corrections [13] . We can then ignore the tree term.
with the homogeneous diquark condensate [13, 33, 34] . (See also Ref. [35] .) The multiple plane-wave LOFF state with N > 1 [36] is generally gauge equivalent to the inhomogeneous radial part of the anti-blue diquark condensate and the gradient of the phase part, which corresponds to the inhomogeneous "pure gauge" term for the space component VEV of the 8th gluon. The existence of the inhomogeneous condensates of the 8th gluon A 8 ( x) = 0 is suggested in Ref. [18] . In this sense, the instability of the real part of Φ b may be connected with the existence of A 8 ( x) = 0. We may extend nonuniformity of the diquark condensates to all the directions, , g, b) , as the negative velocity squared for Φ α implies. We assume that the color chemical potentials μ a are homogeneous. Notice that (53)
where λ a 's are the Gell-Mann matrices and we redefined the diquark condensates by the radial part Δ( x) ≡ α=r,g,b |Δ α ( x)| 2 , and the phase parts θ 0,2,3,5,
) By using the gauge transformation bỹ U † ( x), we find that the inhomogeneous diquark condensates and the homogeneous color chemical potentials,
in the NJL type models is equivalent to the inhomogeneous antiblue diquark condensate with the inhomogeneous color chemical potentials,
and with the inhomogeneous "pure gauge" terms,
One can check easily that all the color field strengths are vanishing in the new basis. In this case, the inhomogeneity of the color chemical potentials does not mean the existence of the color electric field unlike the gluonic phase.
Summary and discussions
We studied the two point functions of the diquark fields in the framework of the NJL type models. We found that the velocity squared v 2 for the anti-red and anti-green diquark fields becomes negative in the region δμ > Δ/ √ 2, while for the antiblue diquark field the gapless tachyons with v 2 < 0 appear in the region δμ > Δ. The critical points of the instabilities v 2 < 0 are the same as those for the corresponding chromomagnetic instability.
It is remarkable that the dispersion relation of the anti-blue diquark field has two branches in the g2SC region δμ > Δ: one is normal while the other is tachyonic. (See Fig. 2 .) Interesting is that the real part of the anti-blue diquark field as well as the imaginary part carries the instability v 2 < 0 despite the expectation that this field should be heavy and have nothing to do with the chromomagnetic instability.
Our results imply the existence of the spatially inhomogeneous diquark condensates Φ α = Δ α ( x), (α = r, g, b) in the genuine vacuum. Although the 2SC-LOFF phase is taken to the anti-blue direction as in Eq. (52), we revealed that the spatially inhomogeneous condensates of the anti-red and anti-green diquark fields, Φ r = Δ r ( x) and Φ g = Δ g ( x), should play a very important role to resolve the instability at least in the 2SC region Δ/ √ 2 < δμ < Δ, because the anti-blue diquark field does not have the instability v 2 < 0 in this region. It is also consistent with the conclusions in Refs. [13, 34] .
When we introduce the gluon fields into the theory, the instability v 2 < 0 for the would-be NG bosons turns into the corresponding chromomagnetic instability, while the instability for the real part of the anti-blue diquark field should be left as it is. The negative Meißner mass squared implies the existence of the gluon condensates. We thus discussed the relation between the inhomogeneous diquark condensates and the gluon condensates in several cases. As for the instability for the real part of the anti-blue diquark field in the region δμ > Δ, it may be connected with the existence of the inhomogeneous condensate of the 8th gluon discussed in Ref. [18] .
There are some advantages in the language of the gluon condensates: it is manifest whether or not the condensates are essentially homogeneous. The inhomogeneous diquark condensates can provide only the "pure gauge" terms even in the most general case, while the gluon condensates are not restricted to the pure gauge.
Our approach casts a new light onto the problem of the chromomagnetic instability. It is also promising for the three-flavor case.
